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2.1 


Additional exercises for Unit Al 


Additional exercises for Unit Al 


Section 1 


Additional Exercise Al 


Determine the equation of the line through each of 
the following pairs of points, showing that the 
equation can be written in the form ax + by = c, 
for some real numbers a, b and c, where a and b 
are not both zero. 


(a) (—2,—4) and (1,6) (b) (0,0) and (7,3) 


Additional Exercise A2 
Determine the values of k for which the lines 
3r +4y+7=0 and 22+ky=3 


are (a) parallel, (b) perpendicular. 


Additional Exercise A3 


Determine the equation of the circle with 
centre (2,1) and radius 3. 


Additional Exercise A4 


Sketch, on a single diagram, the line and circle 
with the following equations: 


2r—y—2=0, (x-3)?+(y—$)? =9. 


You do not need to find the points of intersection 
of the line and circle. 


Additional Exercise A5 


Determine the distance between the centre of the 
circle and the y-intercept of the line in 
Additional Exercise A4. 


Additional Exercise A6 


Determine the distance between the points 
(1,2, 3) and (—2,3,—1) in R3. 


Section 2 


Additional Exercise A7 


Which of the following statements are true? 


a) OEN (b) 0E€Q (c) 87EZ 
d) -06¢R (e) 20€ {4,8,12,16} 
(e) {10} € 


h) {1,2} € {{2, 3}, {3,1}, {2,13} 


( 
( 
(£) 4,8,16 € {4,8,12,16} 
( 
(i) (1,2) € {(2,3), (2, 1)} 


Additional Exercise A8 


List the elements of the following sets. 
(a) {nEN:2<n<7} 

(b) {z ER: 27+5¢+4=0} 

(c) {n E N:n? = 25} 


Additional Exercise A9 


Use set notation to specify each of the following 
sets. 


(a) The set of integers greater than —20 and less 
than —3. 


(b) The set of non-zero integers which are 
multiples of 3. 


(c) The set of all real numbers greater than 15. 
(d) The interval (—7, 2v2]. 
(e) The interval [71, 00). 


Additional Exercise A10 


Sketch the following sets in R?. 
(a) {(z,y) € R?:y=4-32} 


) 
b) {(2,y) E€ R2: (2 +1)? + (y — 3)? = 9} 


Additional Exercise A11 


Sketch the following sets in R?. 
(a) {(x,y) E R? : y <4- 3r} 
(b) {(t,y) € R? : (£ +1)? + (y -— 3)? > 9} 
(c) {(z,y) €R?:0<2<2, —1<y< 1} 


Additional Exercise A12 
For each of the sets A and B below, determine 
whether A C B. 
(a) A= {(0, 0), (0, 6), (—4, 6)} and 
R? : (a + 2)? + (y — 3)? = 18}. 


( 
(b) A= {(z,y) E R? : £? +y? < 4} and 
B = {(a,y) E R2 : y < 4— 8r}. 


Additional Exercise A13 


Show that A is a proper subset of B, where 
A= {(x,y) E R? : z? + 4y? < 1} and 
B={(z,y) ER? :y < $}. 


Additional Exercise A14 
For each of the sets A and B below, determine 
whether A = B. 


(a) A= {1,—1,2} and 
B = {x € R: z? — 2z? — xr +2 = 0}. 


(b) A= {(cost,2sint):t € [0,27]} and 
B = {(x,y) E R? : 42? + y? = 4}. 
Hint: Try dividing 4z? + y? = 4 through by 4. 
(c) A={reR:a=8, where p,q € N} and 
B=Q. i 


Additional Exercise A15 
For each of the sets A and B below, find AU B, 
ANB and A-B. 
(a) A= {0,2,4} and B = {4,5,6}. 
(b) A= (—5,3] and B = [2, 17]. 


(c) A= {(z,y) E€ R? : z? +y? < 1} and 
B = { (x,y) E R? : £? +y? < 4}. 


Additional exercises for Unit A1 


Additional Exercise A16 


Sketch the sets A, B, AUB, ANB, A— B and 
B — A, where 

A= {(x,y) E R? : y < 2-22} and 

B = {(z,9) E€ R? : (0 +1)? + (v — 2)? > 4}. 


Additional Exercise A17 Challenging 
Sketch the sets AN BNC and 
D = ((AN B)U(BNC)) — (ANC), where 
A= {(z,y) ER?:£+y < 0}, 
B={(a,y) E R? : z? +4? < 1} and 
C = {(x,y) ER?: 2—y < 0}. 


(Take care with the points on the boundaries!) 


Section 3 


Additional Exercise A18 


For each of the following transformations 
f : R? — R?, state whether f is a translation, 
reflection or rotation of the plane. 


(a) f(z,y) a (y, =x) 
(b) f(x,y) = (@=2,y +1) 


Additional Exercise A19 


Draw a diagram showing the image of T, the 
triangle with vertices at (0,0), (1,0) and (1,1), 
under each of the functions f of 

Additional Exercise A18. 


Additional Exercise A20 


For each of the following functions, find its image 
set and determine whether it is onto. 


(a) f:R? — R? (b) f:R—R 
(x,y) — (-y, z) r> 7— 3a 
(c) f:R—>R 


r ax? — 4r +3 
(da) f: [0,1] — R 
z= 2r +3 


Additional Exercise A21 


Determine which of the functions in 
Additional Exercise A20 are one-to-one. 


Additional Exercise A22 


Determine which of the functions in 
Additional Exercise A20 has an inverse, and find 
the inverse f~! for each one which does. 


Additional Exercise A23 


Determine the composite function f o g for each of 
the following pairs of functions f and g. 


(a) f:R— R 
zı 7 — 3x 
and 
g: R- 12, —2} — R 


and 
g : R? — R? 
(x,y) +> (y, 2). 


Additional Exercise A24 


Let f and g be the functions 
f : {0, 1, 2, 3} —> {0, 1,4,9} 
r= r? 
and 
g: {0,1,4,9} a {0,5,8,9} 
z= 9- r. 
(a) Find go f, f-', g7! and f-tog™, specifying 
the domain and codomain in each case. 


(b) Use Strategy A2 to show that f~!og7! is the 
inverse of go f. 
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Additional Exercise A25 Challenging 


Let f and g be functions with inverses f~! and 


g7}, respectively, such that 


f:A—B and g: BOC. 


Use Strategy A2 to show that f~t o g7} is the 
inverse of go f. 


Section 4 


Additional Exercise A26 


Let p = 2i — 3j + k and q = —i — 2j — 4k be two 
vectors in R°. Determine p + q, p — q and 
2p — 3q. 


Additional Exercise A27 


Let u and v be the position vectors of the points 
(1,1) and (2,1), respectively. 


(a) Determine the vectors u 4 
and u — 3v. 


2v, —u, —u + 3v 


(b) Sketch u, v and each of the vectors that you 
found in part (a), starting each vector at the 
origin. 


Additional Exercise A28 


Let u = (2,6) and v = (4,2). 
(a) Determine numbers a and £ such that 
(3,4) = au + 8v. 


(b) Sketch the position vectors u, v and (3,4) on 
a single diagram. 


Additional Exercise A29 


(a) Determine the vector form of the equation of 
the line l through the points (2,3) and (5, —1). 


(b) Hence determine whether the points (7,2) and 
(—1,7) lie on l. 


Additional Exercise A30 


(a) Determine the vector form of the equation of 
the line / through the points (1,1,1) and 
(=1, =2, 3). 


(b) Hence determine whether the points (5,7, —3) 
and (0, —1,4) lie on J. 


Additional Exercise A31 


Find the angle between the vectors in each of the 
following pairs. 


(a) (8,1), (1,-2) (b) i+ 3j,1-j 
(c) (1,1,1), (1,2,1) (d) (1,1,1), (—1,—2,—1) 
(e) i+ 2j, —3i +j- 2k 


Additional Exercise A32 Challenging 


Prove the multiples property in Subsection 4.4 of 
Unit Al in the case where a is negative. That is, 
prove that if u and v are vectors in R? or R, 
and a is a negative real number, then 


(au). v = u- (av) =a(u-v). 


Hint: The following trigonometric identity 
cos(m — 8) = — cos ĝ, should be useful. 


Additional Exercise A33 Challenging 


Determine the two unit vectors that make an angle 
of 7/4 with the vector p = (2,1). Verify that the 
two vectors that you have found are perpendicular 
to each other. 


Additional Exercise A34 


Determine the equation of the plane that contains 
the point (—1,3,2) and has the vector (1,2,—1) as 
a normal. 
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Solutions to additional exercises for Unit Al 


Solutions to additional exercises for Unit Al 


Solution to Additional Exercise Al 


(a) Since (—2,—4) and (1,6) lie on the line, its 
gradient is 


(-4)-6 10 
m= ———— =. 
(-2)-1 3 
Then, since the point (1,6) lies on the line, its 


equation must be 


which can be simplified to 
3y — 18 = 10z — 10, 
that is, 
10z — 3y = —8. 


This equation is of the desired form, with a = 10, 
b = —3 and c = —8. (Any multiple of these 
numbers is also a valid answer.) 


(b) Since the line passes through the origin and 
the point (7,3), it has an equation of the form 

y = mz, where m is the gradient. The coordinates 
of (7,3) must satisfy the equation y = mg. Thus 
3 = 7m, so m = =. 

Hence the equation of the line is 


— 3 


This can be written as 
3x — Ty = 0, 
which is of the desired form, with a = 3, b = —7 
and c = Q. 
Solution to Additional Exercise A2 


The gradients of the lines 3x + 4y + 7 = 0 and 
2x + ky = 3 are 


3 2 
——and — 


= k 
4 k’ ( = 0), 
respectively. Thus the lines are 
3 2 
(a) parallel if a that is, if k = $; 
: : 3 2 
(b) perpendicular if (-5) x (-z) = —1, that 


is, if k = —8. 


Solution to Additional Exercise A3 
The equation of the circle is 


(z- 2} +(y-1} =9 


Solution to Additional Exercise A4 


The equation 2x — y — 2 = 0 is equivalent to 
y = 2x — 2, which has gradient 2 and y-intercept 
—2. 


The centre of the circle is (3, $) and the radius is 3. 
We use this information to sketch the line and 
circle. 


YA 


Solution to Additional Exercise A5 


From Additional Exercise A4, we have that the 
y-intercept of the line is —2 and the centre of the 
circle is (3, 4). Denote these by A and B 
respectively. 


We use the distance formula for R? to get 


AB = \/ (3-0)? + (4 — (-2))” 


= 9+ (3) 
=,/% = 4v61 


Solution to Additional Exercise A6 
We use the distance formula for R? to get 
2a) + (3 - (—2))}? + (~1 - 3}? 
= V9 +25 + 16 
= v50 = 5v2. 


Solution to Additional Exercise A7 
(a) False: 0 is not a natural number. 

(b) True: 0 is a rational number. 

(c) True: 37 is an integer. 

(d) False: —0.6 is a real number. 

(e) False: 20 is not a member of the given set. 
(f) True: 4, 8 and 16 are all in the given set. 
(g) False: @ does not contain any elements. 


(h) True: the set {1,2} is the same as the 
set {2, 1}. 


(i) False: the order pair (1,2) is not the same as 
the ordered pair (2,1). 


Solution to Additional Exercise A8 
(a) The elements are 3,4, 5,6. 
(Note that 2 and 7 are not included.) 


(b) The elements are —1,—4. These are the 
solutions of the equation. 


(c) The only element is 5. The equation has two 
solutions, —5 and 5, but only 5 € N. 


Solution to Additional Exercise A9 


In each case, you may have found a different 
expression for the set. 


(a) {k € Z: —20 < k < —3} 
(b) {3k:k €Z, k £0} 

(c) {2 €R:2> 15} 

(d) {zr ER: -r < zx < 2/2} 
(e) {z ER: a> 71} 


Solution to Additional Exercise A10 
(a) The line y = 4 — 3x. 


YA 


y=4-32 
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(b) The circle with centre (—1,3) and radius 3. 


YA 


(x +1)? + (y—3)? =9 


2 


(c) The parabola y = iz , 


Solution to Additional Exercise A11 
(a) 


(b) 


Solution to Additional Exercise A12 


(a) (0,0), (0,6) and (—4,6) all satisfy the 
equation (x + 2)? + (y — 3)? = 13, so AC B. 


(b) The point (1,0) belongs to A but not to B, so 
A is not a subset of B: A É B. 


Solution to Additional Exercise A13 


We must first show that A C B. Let (x,y) be an 
arbitrary element of A; then (x,y) € R? and 

x? + 4y? < 1. Since x? > 0 for all x € R, this 
implies that 4y? < 1, and hence y? < L. Hence 
y< 5: Thus (x,y) € B. 


To confirm that A is a proper subset of B, we must 
show that there is an element of B that does not 
lie in A. The point (1,—1), for example, lies in B, 
since —1 < 5; but does not lie in A, since 


1? +4(-1} =5, 


which is not less than 1. Therefore A is a proper 
subset of B: A C B. 
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Solution to Additional Exercise A14 


(a) 1, —1, 2 are the three solutions of 
r’ — 2z? — z + 2 = 0, so A = B. 


(b) First we show that A C B. 
Let (x,y) € A; then (x,y) € R?, and for some 
t € [0,27] we have x = cost and y = 2sint. Hence 
4x? +y? = 4(cos* t) + (2sin t)? 
= 4cos”t + 4sin*t 
= 4(cos” t + sin? t) 
= 4, 
so (x,y) € Band AC B. 
We now show B C A. 


Let (x,y) € B; then 4x? + y? = 4. We must show 
that there is an angle t in [0,27] such that 
x = cost and y = 2sint. 


Now, dividing 4x? + y? = 4 through by 4 gives 


2 By at 
+(2 ; 


and substituting y’ = y/2 gives 

z? + (y’)? =1. 
This means the point (a, y’) lies on the unit circle; 
that is, the point (x, y/2) lies on the unit circle. 


If we take t to be the (anticlockwise) angle from 
the (positive) x-axis to the line joining the point 
(x, y/2) with the origin, then t € [0,27] and 

x =cost and y/2 =sint. Hence x = cost and 

y = 2sint, so (x,y) € A and BCA. 

Since A C B and B C A, it follows that A = B. 

(c) The set B contains some negative numbers 

(for example, —1) which cannot be expressed as 
P for p,q € N. Hence AF B. (Also, 0 € Q, but 

q 


0 ¢ A.) 


Solution to Additional Exercise A15 


(a) AUB = {0,2,4,5,6}, 
AN B= {4}, 
A- B= {0,2}. 

(b) AUB = (-5,17, 
ANB = [2,3], 
A- B = (—5,2). 

(c) AUB=B, 
ANB=A, 
A-B=2. 
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Solution to Additional Exercise A16 The difference A — B 


The set A YA 
À YA 
N À A-B 
N p) y 
\ N 
À TE 
N aL 72 
oN 
A N The difference B — A 
\ 2 
A X 


N 


The set B \ 
YA 2+ N 
B — 


— — 


a A 
4 S 
/ i > 
| 2,18 -1 | 1g ° 
\ A 
—_ -| 
= i F Solution to Additional Exercise A17 
The set AN BNC 
The union AU B YA 
YA 
i ANBNC 
AUB 
. > 
N \ —] A 1 T 
2y | d 
y —l4 
Ai F 
The set D = ((AN B)U(BNC)) -— (ANC) 
The intersection A N B UA 
\ 
\ a 
N YA b 29) 
\ T T > 
ang =] 1 3# 
P y~ 
T —1 
| 2- 
\ 
x La 3 iuis F 
ie Solution to Additional Exercise A18 
à. (a) This function is the rotation of the plane 


through 37/2 anticlockwise about the origin. 


(b) This function is the translation of the plane 
that moves each point to the left by 2 units and up 
by 1 unit. 


Solution to Additional Exercise A19 
(a) f(x,y) = (y, =f) 


YA 
y l 
i 1 7 
=14 


(b) f(x,y) = (x —2,y+1) 


y 
| A, 
A f 1 

Al 1 2 3° 21 
=]4 -1 


Solution to Additional Exercise A20 


RY 


(a) This function is a rotation so we expect to find 


that f (R?) = R?. 


Let (x,y) € R?; then f(z, y) = (—y, £) € R?, so 

fR?) CR’. 

We must now show that f(R?) D R?. 

Let (x', y’) € R?. We must show that there exists 

(x,y) E€ R? such that f(x,y) = (2', y’), that is, 
g’=-y and y =z. 


Rearranging these equations, we obtain 


1 


r=y and y==z'. 


So, for each (x’, y’) € R2, we have 
(ou) 7 fly’, =z’), 
thus f (R?) 2 R?. 


Since f (R?) C R? and f (R?) D R?, it follows that 
f (R?) = R?, so f is onto. 
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(b) The graph below suggests that f (R) = R. 


y 


We now prove this algebraically. 
R; then 7 — 32 € R, so f(R) CR. 
We must now show that f (R) DR. 


Let y € R. We must show that there exists x € R 
such that f(x) = y; that is, 7 — 3x = y. 


Let x € 


Rearranging gives 
T-=y 
37`” 
which is in R, so for each y € R we have 


v-( Gt) 
So f(R) DR. 


Since f(R) C R and f(R) DR, it follows that 
f(R) =R, so f is onto. 


(c) The graph below suggests that 
fR) = [-1,00). 


8 — 


y 


y =x? —4r+3 


We now prove this algebraically. 
Let x € R; then 
f(z) = 2°- 4r +3 
= (x-2)? -1> -1. 
So f(R) C [-1, 00). 
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We must now show that f(IR) D [-1, 00). 


Let y € [—1, 00). We must show that there exists 
x E€ R such that f(x) = y, that is, 


r?’ — 4r +3 =y. 
Rearranging gives 
(x 2)? =y F 1, 
and we can take 7 = 2 + yvy + 1, which satisfies 
f(x) = y and is in R since y + 1 > 0. 
So, for each y € [—1, 00), we have 
y = f(2+ vy +1). 
Hence f(R) 2 [—1, 00). 


Since f(R) C [—1,00) and f(R) D [-1, ov), it 
follows that f(R) = [-1, 00). 


Since f(R) ÆR, f is not onto. 
(d) The graph below suggests that 


f({0, 1]) = [8, 5]. 
yY / 
/ 
5 / 
y= 224+3 
yY 
3; 
t 
/ 
ri 
See ooo 
£z 1 T 


We now prove this algebraically. 

Let x € [0,1]. Then 0 < x < 1, so 0 < 2x < 2, so 
3 < 2x +3 <5. Hence f(x) € [3,5]. Thus 

f (l0, 1]) € [3,5]. 

We must now show that f([0,1]) 2 [3,5]. 

Let y € [3,5]. We must show that there exists 

x € [0,1] such that f(x) = y; that is 2z +3 = y. 
Rearranging gives 

E 


T= 


Solutions to additional exercises for Unit A1 


Now 3 < y < 5, so 0 < y — 3 < 2, so 


y—3 
0 < — <1. 
S= S 


Thus (y — 3)/2 € [0,1], as required. So for each 
y € [3,5] we have 


[228 
v= (F) 


where (y — 3)/2 € [0,1]. So f([0,1]) 2 [3,5] 


2 [3,5]. 
Since f([0,1]) C [3,5] and f([0,1]) 2 [3,5], it 
follows that f([0,1]) = [3,5]. So f([0,1]) Æ R and 
f is not onto. 


Solution to Additional Exercise A21 


(a) This function f is a rotation of the plane, so 
we expect f to be one-to-one. We now prove this 
algebraically. 


Suppose that f (x1, y1) = f (£2, y2); then 
(—y1, £1) = (—y2, £2), 
SO 


-yı = -y2 and 2 = T2. 
Thus (x1, yi) = (2, Y2), so f is one-to-one. 


(b) The graph in the solution to Additional 
Exercise A20(b) suggests that f is one-to-one. We 
prove this algebraically. 


Suppose that f(x1) = f(x2); then 
7— 321 = 7 — 329. 
Thus z1 = £2, so f is one-to-one. 


(c) The graph in the solution to Additional 
Exercise A20(c) suggests that f is not one-to-one. 
To show that this is so, we find two points in the 
domain of f with the same image. For example, 


f(0) = f(4) =3, 
so f is not one-to-one. 


(d) The graph in the solution to Additional 
Exercise A20(d) suggests that f is one-to-one. We 
prove this algebraically. 


Suppose that f(21) = f (x2); then 
2%, + 3 = 2%24+3. 


Thus zı = £2, so f is one-to-one. 
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Solution to Additional Exercise A22 
(a) We have shown in Additional Exercise A21(a) 


that f is one-to-one, so f has an inverse, and we 
have shown in the solution to Additional 
Exercise A20(a) that 

(2',y') = fy’, -2’), 
so the inverse of f is the function 

J TR =P 

(2',y') > (y', -2’). 

This can be expressed in terms of x and y as 

fl: RP — R? 

(x,y) —> (y, -2). 

(b) We have shown in the solutions to Additional 


Exercises A20(b) and A21(b) that f is one-to-one 
and that 


y=1(4*), for y ER. 


Hence f has an inverse 


fi:R—OR 


This can be expressed in terms of x as 
f':R—OR 

7-2 

= 
(c) We have shown in Additional Exercise A21(c) 
that f is not one-to-one, so f does not have an 
inverse. 
(d) We have shown in the solutions to Additional 
Exercises A20(d) and A21(d) that f is one-to-one 
and that the image set of f is [3,5]. We also 
showed that 


v= 1(4>). for y € [3,5]. 


T ee 


Hence f has an inverse 


7 : [3,5] — [0,1] 


This can be expressed in terms of x as 


f+ [3,5] — [0,1] 


xr—3 
r —> —. 
2 


Solutions to additional exercises for Unit A1 


Solution to Additional Exercise A23 


(a) Since any number in the domain of g has an 
image under g which is in R, and hence in the 
domain of f, the domain of f o g is the domain of g. 


Also, 
taw =F aa) =la) 


Hence the composite is the function 
fog:R-({2,-2} — R 
3 
r? — 4 
(b) Since any point in the domain of g has an 
image under g which is in R?, and hence in the 
domain of f, the domain of fog is the domain of g. 


Also, 
Hence the composite is the function 
fog: R — R? 
(x,y) —> (—x,y). 


r => 7T— 


Solution to Additional Exercise A24 


(a) We note that both functions f and g are 
one-to-one and onto. Therefore both have inverses. 
The domain of g is the image set of f, so go f has 
domain equal to the domain of f. 


(go f)(x) = g(f(x)) 
= g(x’) =9-2?, 
so 
go f : {0,1,2,3} — {0,5,8,9} 
r= 9- zr. 
i (£) = va, 
SO 
f! : {0,1,4,9} — {0,1,2,3} 
g'(x) =O =, 
so 
g *: {0,5,8,9} — {0, 1, 4,9} 
rE 39-2. 


=f"Q-2 


9-2, 


Wa 


12 


so 
og {0,5,8, 9} — {0, 1, 2,3} 
r — V9- r. 
(b) For each x € {0,5,8,9} we have 
Gen sr ==] 
DE e 
=9-— (9— x)= z7, 
and for each x € {0,1,2,3} we have 
(f o gg F(E) = (F 0g *)(9 — 2°) 
E E 
= an 
So (go f)(f~! o g7) is the identity function on 
{0,5,8,9}, and (f~! o g~')(go f) is the identity 


function on {0,1,2,3}, and hence f~! og! is the 
inverse of go f. 


Solution to Additional Exercise A25 


Since f and g have inverses, they are both 
one-to-one and onto (and so are their inverses) and 
we have 


f': BA and g™!:C — B, 


such that 
f of=i% and fof’ =in; 
and 
= E —j = + 
g og=ig and gog  =ic. 


Therefore we have 

gof:A—C and f™tog™t: C — A. 
For any c € C 

(go PFT © 9°) = (99 PETOT O) 
IFE (0)))) 
g(g*(c)) 


, 


since g-!(c) € B so 


FFG") = (F o F o) 


= (9 *(c)) 


and c € C so 


glg (c)) = (g0 g+) (e) = c. 
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Likewise, for any a € A, 


(fog *)(g0 f)(a) = (fF og ))(G(F(a))) 
l 


since f(a) € B so 


g ‘(9(f(a))) = (g9 0 g) f(a) 


= f(a) 
and a € A, so 
Fg eSa 
Since 
Geng ay T= 
and 


(f-'og"')(g0 f) = ia, 
it follows that f7} o gt is the inverse of go f. 


Solution to Additional Exercise A26 
Since p = 2i — 3j + k and q = —i — 2j — 4k, we have 
p+q=i-— 5j- 3k, 
p—q=3i-—j+5k 
and 
2p — 3q = (4i — 6j 4 
= 7i+ 14k. 


2k) — (—3i — 6j = 12k) 


Solution to Additional Exercise A27 


(a) Here, 
u + 2v = (1,1) + 2(2,1) 
= (1,1) + (4,2) 
= (5,3), 
—u= (—1, —1), 
—u + 3v = (—1, —1) + 3(2, 1) 
= (-1,-1)+ (6, 
= (5,2) 
and 
u — 3v = (1, 1) + (—3)(2, 1) 
= (1,1) + (-6,-3 
= (—5,—2). 
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(b) 


Solution to Additional Exercise A28 
(a) First we write 
au + Bv = a(2,6) + (4, 2) 
= (2a, 6a) + (46, 26) 
= (2a + 46, 6a + 28). 
Thus 
(3,4) = (2a + 46, 6a + 28). 


Then, we equate the first and second components 
of these vectors; this gives a system of linear 
equations: 


2a+ 46 = 3, 
6a + 26 = 4. 

These two equations can be solved to give 
a= 2 and B= z. 


Thus we can write 


(3,4) = Sut $v. 


(b) 


Solutions to additional exercises for Unit Al 


Solution to Additional Exercise A29 
(a) Let p = (2,3) and q = (5,—1). Then the 
vector form of the equation of the line / is 
r=(1—A)p+ Aq 
= (1 — A)(2,3) + A(5, -1) 
= (2 — 2A + 5A, 3- 3A — A), 


that is, 
r = (2 + 3\,3 — 4A), 
where A’ € R. 


(b) The point (7,2) lies on the line / if there is a 
value of A such that 


(7,2) = (2+ 3,3 — 4A). 
Equating components, we obtain 

7=24+3A and 2=3-A4). 
The second equation gives À = + but this value 


of A does not satisfy the first equation. It follows 
that (7,2) does not lie on the line 1. 


The point (—1,7) lies on the line / if there is a 
value of A such that 


(—1,7) = (2 + 3A,3 — 4A). 
Equating components, we obtain 
—1=243A and 7=3-A4). 


The second equation gives A = —1, and this value 
also satisfies the first equation. It follows that the 
point (—1,7) lies on the line l. 


Solution to Additional Exercise A30 

(a) Let p = (1,1,1) and q = (—1, —2, 3). Then 

the vector form of the equation of the line / is 
r=(1—A)p+ Aq 


=(1—A-A, 1— å- 2A, 1— A+ 3A), 
that is, 
r= (1— 2A, 1—3, 14 2)), 
where A E R. 


(b) The point (5,7,—3) lies on the line / if there is 
a value of A such that 


(5,7, -3) = (1-2, 1 


3A, 194): 
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Equating components in turn, we obtain 


5=1-2), 

7=1-3), 

—3 = 1 +24). 
The first equation gives A = —2, and this value also 


satisfies the other two equations. It follows that 
the point (5,7, —3) lies on the line J. 


The point (0,—1,4) lies on the line / if there is a 
value of A such that 


(O-i,4)=0 ad 14 


2r, 1 2A). 


Equating components in turn, we obtain 


0=1-2), 
af 7-9), 
4=142). 


The first equation gives À = 5, but this value of À 
does not satisfy the second equation. It follows 
that (0,—1,4) does not lie on the line Z. 


Solution to Additional Exercise A31 


Denote by p the first vector of each pair, by q the 
second vector and by 0 the angle between the 
vectors. 


(a) When p = (3,1) and q = (1, —2), we have 
Ip] = V3? +1? = v10, 
lal = V1? + (-2)? = V5, 


p-q=3x1+4+1x (-2)=1. 
It follows that 


cos @ = 


SO 


1 
6=cos + (=) = 1.43 radians (to 2 d.p.). 


(b) When p = i+ 3j and q =i — j, we have, 
Ip] = Vi? +3? = VTO, 
Jal = V1? + (-1} = v2, 


p-q=1x1+4+3~x (-1) =-2. 


Solutions to additional exercises for Unit Al 


It follows that 


SO 


=] 
6=cos + (=) = 2.03 radians (to 2 d.p.). 


(c) When p = (1,1,1) and q = (1, 2,1), we have 
|p] = V1? +1? +1? = v3, 
la| = V1? +2? + 1? = v6, 


It follows that 


cos 0 = 


so 
2V2 
6=cos + (23) = 0.34 radians (to 2 d.p.). 


(d) Notice (—1,—2,—1) is 
result from part (c) to get 


(1, 2,1) so we use the 


6 = 7 — 0.34 = 2.80 radians (to 2 d.p.). 


(e) When p = i+ 2j and q = —3i+j-— 2k, we have 
[P| = v 1? +2 = v5, 
lal = y (3)? + 1? + (-2)? = v 14, 


p-q=1x (-3)+2x1+0~x (-2) =-1. 
It follows that 
cos = a 
Ipla] 
ee 
=a 
so 
0 = cos! (=) = 1.69 radians (to 2 d.p.). 
VTO 
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Solution to Additional Exercise A32 


Let u and v be two vectors in R? or R?, and 
suppose that a is a negative constant. 


If the angle between u and v is 9, then the angle 
between au and v is 7 — 9, as illustrated below. 


So 


(au) -v = jaul|v| cos(7 — 0) 


= |a||ul|v] cos(a — 8) 


—a|u||v|(— cos 8) 
(since |a| = —a 
and cos(m — 0) = — cos 0) 


= q|u||v| cos 8 


= a(u À. v), 
and, similarly, 
u- (av) = |ul|av| cos(r — 8) 
= |u||a||v| cos(r — 0) 
= —q|u||v|(— cos 8) 
(since |a| = —a 
and cos(m — 0) = — cos 0) 
= qļuļ|v| cos 8 


=a(u-v). 


Solution to Additional Exercise A33 


Let such a vector be r = (x,y). Since r has 
magnitude 1 and makes an angle 7/4 with 
p = (2,1), we have 


p- r = |pl|r| cos m /4 
1 5 
=V5x1x — = 4/—. 
v2 2 


In component form we have 


p'r = 2r +y, 


an ty = y$, 


SO 
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which gives 
y= 3 = 27T: 

Also, r has magnitude 1, so 
xr? + y? =l 


Substituting the expression for y into this 
equation,we obtain 


2 
+ (3-22) =i, 


which gives 

a? +8 da5 + 40? =1, 
that is, 

5a? — 2aV10 + 3 =0. 
Multiplying through by 2 gives 

10x? — 42-10 + 3 = 0. 


By the quadratic formula, this equation has 
solutions 


ge 4V10+ V160-—4x 10x 3 
o 20 
_ 4V10+4 v40 
z 20 
_ 4710 + 2V10 
E 20 
_ 2710 + v10 
E 10 
So the solutions are 
3vli0o 3 md vlo 1 
10 vio 10 10 
The corresponding values of y are, respectively, 
5 3 
4) Ie 
eV 2 T0 
a» ç 6 2 1l 
10 v10 VIO’ 
and 
5 1 
=4/2 -2x —, 
UV 10 
5 2 3 
10 10 V10 


So the two unit vectors making an angle of 7/4 
with (2,1) are 


3 1 1 3 
a ™ (Gav) 
The scalar product of these two vectors is 
3 1 1 3 
(aay) (yv) 
ere, 
10 10 , 
so the two vectors are perpendicular. 


Solution to Additional Exercise A34 


The equation of the plane is given by x-n=p-n, 
where x = (2, 9,2), P= (—1,3,2) and 
n = (1,2, —1). 


So the equation of the plane is 
(x,y, 2) + (1,2, —1) = (—1,3, 2) - (1,2, —1), 
that is, 


g+2y—z=(-1)x1+3x2+4+2x (-1), 
which simplifies to 


r+2y-—z=3. 


Solutions to additional exercises for Unit Al 
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Additional exercises for Unit A2 


Additional exercises for Unit A2 


Section 1 


Additional Exercise A35 


(a) Show that N does not satisfy the 
multiplicative inverses property (M4) by 
giving an example of a natural number that 
does not have a multiplicative inverse. 


(b) Which natural numbers have a multiplicative 
inverse in N? 


Which of the additive properties A1—A5 do 
not hold for N? 


(c) 


Additional Exercise A30 


(a) Show that 223 + z? — 13x + 6 has a factor 
x — 2, and hence factorise this polynomial. 


(b) Solve the equation z? + 6x? + 3x — 10 = 0. 


Additional Exercise A37 


(a) Find a cubic polynomial for which the sum of 
the roots is 0, the product of the roots is —30, 
and one root is 3. 

(b) Find the other two roots of the polynomial 
found in part (a). 


Section 2 


Additional Exercise A38 


Let z1 = 2 + 3i and z2 = 1 — 4i. Find 


(a) a +22 (b) 21 — 29 (c) 2122 


(e) z (f) za/z2 (g) 1/2 


Additional Exercise A39 


Draw a diagram showing each of the following 
complex numbers in the complex plane, and 
express them in polar form, using principal 
arguments. 
(a) v3-i 


(b) —5i (e) —2(1 + iV) 


(d) z 


Additional Exercise A40 


Express each of the following complex numbers in 
Cartesian form. 


(a) 2/2 (cos - +isin =) 


(b) 3 (cos S +isin =) m 


(c) cos all + isin 
6 6 


Additional Exercise A41 


Let 2; = V3 — i, z2 = —5i and z3 = —2(1 + iV). 
Use the solution to Additional Exercise A39 to 
determine the following complex numbers in polar 


form in terms of the principal argument. 
2122 


b) — 


(a) 212223 a 


Additional Exercise A42 


5 


Solve the equation z? = —32, leaving your answers 


in polar form. 


Additional Exercise A43 


Solve the equation z? + 2? — z + 15 = 0, given that 
one solution is an integer. 


Additional Exercise A44 
Determine a polynomial of degree 4 whose roots 
are 3, —2, 2 — i and 2 + i. 

Additional Exercise A45 


Use the definition of e* to express the following 
complex numbers in Cartesian form. 


(a) eit /2 (b) estin/4 (c) e ltir 


Additional Exercise A46 Challenging 


Let p(z) = an2” +--+ + a22? +412 + ao bea 
polynomial in z with real coefficients, and let a be 
a root of p(z). Show that the complex conjugate @ 
is also a root of p(z). 
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Section 3 


Additional Exercise A47 


Evaluate the following sums and products in 
modular arithmetic. 


(a) 21 +26 15 (b) 21 X96 15 (c) 19 +33 14 
(d) 19 X33 14 


Additional Exercise A48 


Use Euclid’s Algorithm to find: 
(a) the multiplicative inverse of 8 in Z2, 


(b) the multiplicative inverse of 19 in Z33. 


Additional Exercise A49 


Construct the multiplication table for Z,,, and 
hence find the multiplicative inverse of every 
non-zero element in Zı1. 


Additional Exercise A50 
Solve the following equations. 
(a) 8 Xo, x = 13 (b) 19 X33 £x = 15 


In Additional Exercise A48, you found that 
871 = 8 in Zo, and 19"! = 7 in Zag. 


Additional Exercise A51 


Find all the solutions of the following equations 
in Ze. 
(a) 3x8sr=7 (b) 4xsr=7 


(c) 4xgu=4 


Additional Exercise A52 


Find all the solutions of the following equations 
in Z15. 
(a) 3 Xızr =6 (b) 4 xır =3 


(c) 5 X50 =2 
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Solutions to additional exercises for Unit A2 
Solutions to additional exercises for Unit A2 


Solution to Additional Exercise A35 Solution to Additional Exercise A38 


(a) There is no natural number 2~! such that (a) z1 +22 = (2 + 32) + (1 — 4i) 
2 x 271 = 271 x 2 = 1, for example. =3-i. 
(b) The number 1 is the only number that has a (b) 21 — z2 = (2 + 3i) — (1 — 42) 
multiplicative inverse in N. (The multiplicative =1+4+7i. 
inverse of 1 is 1.) fe) ae sana d 
(c) There is no additive identity in N, since 0 ¢ N, = 2 + 3i — 8i — 127 
so the additive identity property (A3) does not — 14— 5i. 
hold. The additive inverses property (A4) therefore = , 
(d) Z1 = 2— 32. 


cannot hold because there is no zero element. (The 
other properties (A1, A2 and A5) all hold because (e) M=14 4. 


they hold for real numbers. (£) z1 243i  (2+3i)(1+ 4i) 
i ed ; z 1-4 (1-4%)(14 4i) 
Solution to Additional Exercise A36 _ ~10+11i 
a ene aS 
(a) Putting x = 2, we obtain 16 + 4 — 26+ 6 = 0, = anne ar 
so by the Factor Theorem x — 2 is a factor. Hence ae _ 
: : 1 2= 31 
by comparing coefficients (g) — = 2o n naon 
> ; a 243 (2+3i)(2— 3a) 
2z + z? — 13x + 6 = (x — 2) (2x? + 5a — 3) _ 2-31 
= (x — 2)(x + 3)(2x — 1). E Ta 
= = (2 — 3i). 
(b) Trying integer values that are factors of 10, we = 
find that x = 1 is a root, so x — 1 is a factor. Solution to Additional Exercise A39 
Hence by comparing coefficients 
a? + 6x? + 3x — 10 = (x —1)(22 + Te + 10) en 


= (x — 1)(x + 2)(x + 5), 3 


so the solutions of z3 + 6x? + 3x — 10 = 0 are 
x = 1, x = —2 and z = —5. 


Solution to Additional Exercise A37 


(a) If the sum of the roots is 0 and the product 
is —30, then the cubic polynomial must be of the 
form 


xr? +cxr+30, for some c€ R. 


—5t4 
If x = 3 is a root, then 
27 + 3c + 30 = 0, (a) Let z = x + iy = V3 — i, so x = V3 and 
sc 16. y = —1. Then z = r(cos 0 + isin 0), where 


Hence the polynomial is z? — 19x + 30. 
(b) We know that x — 3 is a factor. Hence 
x’ — 197x + 30 = (z — 3) (x? + 3x — 10) 
= (x — 3)(x — 2)(x + 5), area a 


r = (V3)? + (-1)? =2. 


To find 0, we calculate 


so the other two roots are 2 and —5. 
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So ¢ = 7/6, and from the diagram we see that 
8 = —¢ = —n/6. Hence the polar form of v3 — i in 
terms of the principal argument is 


2 (os (=F) +s (=F). 


(b) Let z = x + iy = —5i, so x = 0 and y = —5. 
Then z = r(cos 0 + isin 0), where 


r= VPC = 


Also z lies on the negative half of the imaginary 
axis, so 0 = —7 /2. 


Hence the polar form of —5i in terms of the 
principal argument is 


5 (cos (-7) +7sin (-3)) ; 
(c) Let z = x +iy = —2(1 + iv3), so z = —2 and 
y = —2V/3. Then z = r(cos 0 + isin 0), where 


r = 4/ (—2)2 + (-2V3)2 = 4. 


To find 0, we calculate 


_ iz} _ 1 
cos @ = oe 
So ¢ = 7/3, and from the diagram we see that 
2a 
0 = -(r-¢) =-—. 
(n-9)=-2 


Hence the polar form of —2(1 + iV/3) in terms of 
the principal argument is 


(om (-3) ome(-3)) 


Solution to Additional Exercise A40 


(a) The required form is x + iy, where 


1 
z= 2V2e0s 7 = 2V2x = 2 


V2 


and 


1 
y = 22sin T= 2V2 x — =2, 


V2 


so the Cartesian form is 2 + 2i. 


(b) The required form is x + iy, where 
T T 
t= 3cos 5 = 0 and y = 3sin 5 = 3, 


so the Cartesian form is 3i. 


(c) The required form is x + iy, where 
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and 


_ ÖT u, A 
= sin — =sin-=-, 
d 6 6 2 
so the Cartesian form is 5 (-v3 + i). 


Solution to Additional Exercise A41 


From the solution to Additional Exercise A39, we 
have 


21 = 2 (cos (-4) + isin (-2)), 
a =5 (cos (=F) + isin (-3)), 


2 
as = 4 (cos ( =) Hisi 


(a) Hence 


Z12223 =2 x 5x4 (cos (-5r — 


40 2m pisi 2m 
= cos — + isin — 
3 3J’ 


using the principal argument. 


(b) Hence 
Zz. 2x5 T T 20 
3 aA Aa 3 
+isi T T 2T 
isin rA 5 3 


5 5 
= 3 (cos 0 + isin 0) = 5 


Solution to Additional Exercise A42 

Let z = r(cos@ + isin 8). 

Then, since —32 = 32(cos m + isin 7m), we have 
r°(cos 50 + isin 58) = 32(cos 7 + isin 7). 


2k 
Hence r = 2 and 8 = Ž + =" for any integer k, 


and the five solutions of z° = —32 are given by 


a3 Cyn pisi Ces 
Z= cos 5 5 isin 5 5 


for k = 0,1, 2,3, 4. 
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Hence the solutions are 


T 
Zo = 2 (cos 2 5 + isin =), 


=4 LRE _ oT 
4 =2 | cos -= + isin J, 
z2 = 2(cos T + isin Tt) = —2, 


Tm |. T 
z3 =2 co Pigi 


+isin (-=)). 


Solution to Additional Exercise A43 


The integer solution must be a factor of the 


constant term 15, so it must be one of +1, +3, 


+15. (See the end of Subsection 1.4 of Unit A2.) 


Testing these, we find z = —3 is a root, since 
(=a (=s)° 


Hence z + 3 is a factor, and we find that 


(—3) +15 =0. 


2427 — 2415 = (z +3)(2 — 2z +5). 
The solutions of z? — 2z +5 = 0 are given by 
24+VF—-20 244i 
2 = 2 
Hence the solutions of 23 + 22 — z + 15 = 0 are 
z = —3, z = 1 + 2i and z = 1 — 2i. 


=1+ 21. 


— 


Solution to Additional Exercise A44 


A suitable polynomial is 
(z = 3)(z + 2) (z— (2 — i)) (z — (2 + i)), 
that is, 


or 


24 — 523 + 322 + 19z — 30. 


5, 
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Solution to Additional Exercise A45 


To ue. 


=1(0+i) = 


(a) eit /2 = el+in/2 


-1 


(c) ett" = el (cos r + isin rt) = —e 


Solution to Additional Exercise A46 
Since a is a root, we have p(a) = 0; that is, 


Gna” +--+ aza? + aja + ao = 0. 


To show @ is a root, we need to show that p(@) = 0 
also. 


Now, using the properties of complex conjugates 
given in Subsection 2.2 of Unit A2, and the fact 
that the conjugate of a real number is just itself, 
we have 


p(@) = anQ” + +++ +020" + a10 + ao 
= ana” +++. + aga? + a10 + ag 
= Gna" +++» + a20? +a + T0 
= dna” +++ + aga? + aja + ao 
=0=0 


So p(@) = 0 and the complex conjugate @ is a root 
of a polynomial with real coefficients whenever aq is. 


Solution to Additional Exercise A47 
(a) 21 +26 15 = 10 
(We have 21 + 15 = 36 = 26 + 10.) 
(b) 21 x25 15 =3 
(We have 21 x 15 = 315 = 260+ 52 + 3.) 
(c) 19 +33 14=0 
(We have 19+ 14 = 33 + 0.) 
(d) 19x33 14=2 
(We have 19 x 14 = 266 = 99 + 99 + 66 + 2.) 
Alternatively, 
19x 14=19x2x7 
= 38x 7 
=5x7 
= 35 = 2 (mod 33). 
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Solution to Additional Exercise A48 


(a) We have 


21=2x8+5 
8=1x5+3 
5=1x3+2 
3=1x2+4+1 


Hence 
1=3-1x2 

= 3 — (5 — 3) 
=-54+2x3 
= —5 + 2 x (8 — 5) 
=2x8-3x5 
=2x8-—3-x (21 — 2 x 8) 
=—3 x21 +8 x8. 


Hence 8 x 8 = 3 x 21 + 1, so 
8x28 =l, 


so the multiplicative inverse of 8 in Za) is 8. 


(b) We have 


33 =1x 19+14 
19=1x 1445 
144=2x5+4 
5=1x4+1 


Hence 
1=5-4 
=5-— (14-2 x 5) 
= —14+3 x5 
= —14 + 3 x (19 — 14) 
=3x19—4x14 
= 3 x 19 — 4 x (33 — 19) 
= —4 x 33 +7 x 19. 


Hence 
7x19=4x33+1, 
so 


7X3319=1, 


so the multiplicative inverse of 19 in Z33 is 7. 
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Solution to Additional Exercise A49 


Xu/0 1 2 3 4 5 6 7 8 9 10 
0/0 0 0 0 0 0 0 0 0 0 +0 
1/0 1 2 3 4 5 6 7 8 9 10 
2 |0 2 4 6 8 10 1 3 5 7 9 
3/0 3 6 9 1 4 7 10 2 5 8 
4/0 4 8 1 5 9 2 6 10 3 7 
5 10 5 10 4 9 3 8 2 7 1 6 
6 10 6 1 7 2 8 3 9 4 10 5 
7 |0 7 3 10 6 2 9 5 1 8 4 
8 0 8 5 2 10 7 4 1 9 6 3 
9/10 9 7 5 3 1 10 8 6 4 2 
10 |O 10 9 8 7 6 5 4 3 2 1 


Hence we have the following multiplicative inverses 
in Zy1- 


x |1 23 4 5 67 8 9 10 
g4i1 64 3 9 2 8 7 5 10 


Solution to Additional Exercise A50 
(a) The given equation is 
8 X21 T = 13. 


Multiplying both sides by the multiplicative 
inverse in Z21, which is 8, gives 


8 X21 (8 X21 x) = 8 X21 13, 
so £ = 8 Xz 13. 


Now, 8 x 13 = 104 = 5 x 21 — 1, and 
—1 = 20 (mod 21), so the solution is z = 20. 


(b) The given equation is 
19 X33 T = 15. 


Multiplying both sides by the multiplicative 
inverse in Z33, which is 7, gives 


7 X33 (19 X33 x) =I X33 15, 
so x = 7 X33 15. 


Now, 7 x 15 = 105 = 99 + 6, so the solution is 
zr=ô6. 
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Solution to Additional Exercise A51 


(a) The equation 3 xg x = 7 has a unique solution 
because 3 and 8 are coprime. 


The solution, x = 5, can be found in various ways: 
for example, by noticing that 3 x 3 = 9 = 8 + 1, so 
3-1 = 3 in Zg and calculating z = 37t xg 7 = 5, or 
by spotting that 7 = 15 (mod 8) and therefore 
3 x8 5 = 7, or by testing possible values for z. 


(b) The equation 4 xg x = 7 has no solutions, 
since the highest common factor of 4 and 8 is 4, 
but this is not a factor of 7. 


(c) The equation 4 xg x = 4 has d = 4 solutions, 
since 4 is the highest common factor of 4 and 8, 
and it is also a factor of 4. 

One solution of this equation is x = 1. 

Also, n/d = 8/4 = 2, so the other solutions are 


xr=1+2=3,x=1+2x2= 5 and 
r=1+3x2=7. 


Solution to Additional Exercise A52 


(a) The equation 3 x15 £x = 6 has d = 3 solutions 
because 3 is the highest common factor of 3 
and 15, and it also a factor of 6. 


One solution of this equation is x = 2. 


Also n/d = 15/3 = 5, so the other solutions are 
zr =2+5=7 and z =2+2x5= 12. 


(b) The equation 4 x15 7 = 3 has a unique 
solution because 4 and 15 are coprime. 


The solution, x = 12, can be found in various ways: 
for example, by noticing that 48 = 3 x 15 + 3 so 
48 = 3 (mod 15) and therefore 4 x15 12 = 3, or by 
noticing that 4 x 4 = 16 = 15 + 1, so 47t = 4 in Zis 
and calculating x = 47} x16 3 = 12, or by spotting 
that 3 = —12 (mod 15) and hence 4 x (—3) = 3 
(mod 15), and since —3 = 12 (mod 15), we have 

4 X45 12 = 3, or by testing possible values for x. 


(c) The equation 5 x15 x = 2 has no solutions, 
since the highest common factor of 5 and 15 is 5, 
but this is not a factor of 2. 


Solutions to additional exercises for Unit A2 
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Additional exercises for Unit A3 


Section 1 


Additional Exercise A53 


Which of the following statements have the same 
meaning? 


a) Ifn is even, then n? 


( is a multiple of 4. 
(b) n is even only if n? is a multiple of 4. 
(c) n? is a multiple of 4 whenever n is even. 
(d) x >0 = 27+42>0. 

(e) «> 0 is necessary for x? + 4x > 0. 
(£ 


) 
) 2 > 0 is sufficient for z? + 4x > 0. 


Additional Exercise A54 


Consider the following implication: 
if x divides 6 or x divides 8, then x divides 48. 
Write down 
(a) the negation 
(b) the converse 


(c) the contrapositive. 


Additional Exercise A55 
Write down the negation of each of the following 
statements. 
(a) Vz,znE A => cE€B. 
(b) 3x such that x > 0 anda < 0. 


Section 2 


Additional Exercise A56 


Determine whether the numbers 221 and 223 are 
prime. 

(In Exercise A124 of Unit A3 you proved that if an 
integer n > 1 is not divisible by any of the primes 
less than or equal to y/n, then n is a prime 
number.) 


Additional Exercise A57 


Prove, or give a counterexample to disprove, each 
of the following statements. 


3 


(a) Ifn is a positive integer, then n? — n is even. 


(b) If m+n is a multiple of k, then m and n are 
multiples of k. 


(c) If @ is areal number, then sin 20 = 2sin 8. 
(d) The following function is one-to-one: 
f:R— R 
gr 3r? — 6x + 1. 


(e) The function g is the inverse of the function f, 
where f and g are given by 
f:R- {1} — R- {0} 
and 


Tr 
x-—1 


g:R-{0} — R- {Il} 


I 
a 
x 


Additional Exercise A58 


(a) Write down the converse of the following 
statement. 


If m and n are both even integers, then 
m — n is an even integer. 


(b) Determine whether the original statement and 
the converse are true, and give a proof or 
counterexample, as appropriate. 


Additional Exercise A59 


Prove each of the following statements by 
mathematical induction. 


(a) m 1 + + 1 n=] 

a oe p 

1x2 2x3 (n—1)n m? 
for n = 2,3,.... 

(b) The integer 3?” — 1 is divisible by 8, for 
n= Le 
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Additional Exercise A60 


Determine which of the following statements are 
true, and give a proof or counterexample as 
appropriate. 


(a) Forallz,yeR,r<y = r? <y’. 

(b) For all z € R, z? — x = 2. 

(c) There exists x € R such that z? — z = 2. 
( 

( 


d) There exists x € R such that z? — z = —1. 


e) There are no real numbers x, y for which x/y 
and y/x are both integers. 


(f) For all positive integers n, 
174274 32 +- n? = in(n+1)(2n +1). 


For all positive integers n > 2, 


(903) 


Section 3 


Additional Exercise A61 


Prove by contradiction that (a + b)? > 4ab for all 
real numbers a and b. 


Additional Exercise A62 
(a) 


Write down the contrapositive of the following 
statement, for positive integers n. 


If n? is divisible by 3, then n is divisible 
by 3. 


Prove that the contrapositive is true, and 
hence that the original statement is true. 


Section 4 


Additional Exercise A63 


Let ~ be the relation defined on Z by 


m~an if m+n is even. 


Determine whether ~ is reflexive, symmetric and 
transitive, and state whether it is an equivalence 
relation. 
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Additional Exercise A64 


Let ~ be the relation defined on Z by 
x~y if 2x —y is divisible by 7. 


Show that ~ is not reflexive, symmetric or 
transitive. 


Additional Exercise A65 


Let A be the set of all functions with domain and 
codomain R, and let ~ be the relation defined on 
A by 


f~g if f(0) = g(0). 


Show that ~ is an equivalence relation. 


a a> 
aT 
x ~ 


Describe the equivalence classes, and describe 
a set of representatives for the equivalence 
classes. 


Additional Exercise A66 
Let ~ be the relation defined on C by 
zı ~ z2 if a, — z2 = 5(y1 — Y2), 
where 
z1 = %1 +iy1, 22 = T2 +îiy2. 


Show that this is an equivalence relation and 
describe the equivalence classes. 


Additional Exercise A607 
Let ~ be the relation ~ defined on N by 
man if dam 10* for some integer k. 
n 


Show that ~ is an equivalence relation. 
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Additional Exercise A68 Challenging 


For each of the following equivalence relations, 
describe a set of representatives for its equivalence 
classes, and describe its equivalence classes. 


(a) The relation ~ defined on N by 
m~n if Z =10* for some integer k. 
n 


(You were asked to show that ~ is an 
equivalence relation in Additional 
Exercise A67.) 


(b) The relation ~ defined on R by 
x~y if x—y is an integer. 


(You saw that ~ is an equivalence relation in 
Worked Exercise A74(b) in Unit A3, and the 
equivalence class [3.7] was found in Worked 
Exercise A75, also in Unit A3. The relation ~ 
is congruence modulo 1 on R.) 


Additional exercises for Unit A3 
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Solutions to additional exercises for Unit A3 


Solution to Additional Exercise A53 


(a), (b) and (c) all have the same meaning. 

(d) and (f) have the same meaning. 

(You may like to show that (a) is true, and hence 
that (b) and (c) are true; that (d) and hence (f) 
are true, but (e) is false.) 

Solution to Additional Exercise A54 
(a) The negation is 


x divides 6 or x divides 8, and x does not 
divide 48. 


(b) The converse is 
if x divides 48, then x divides 6 or x divides 8. 
(c) The negation of ‘a divides 6 or x divides 8’ is 
x does not divide 6 and x does not divide 8, 


so the contrapositive is 


if x does not divide 48, then x does not divide 6 
and «x does not divide 8. 
Solution to Additional Exercise A55 
(a) The negation of ‘x € A => «x ¢ B’ is 
ze AandzEB, 


therefore the negation is 


Jx such that xz € A and z € B. 
(b) The negation of ‘x > 0 and x < 0’ is 
z<Oorz>0, 

therefore the negation is 


Vae,x<O0oraz>0. 


Solution to Additional Exercise A56 
We have 13? = 169 and 177 = 289, so we only need 
to check the primes 2, 3, 5, 7, 11, 18. 

221 is divisible by 13 (221 = 13 x 17), so it is not 
prime. 


223 is not divisible by any of 2, 3, 5, 7, 11 and 13, 
so it is prime. 


Solution to Additional Exercise A57 
(a) This statement is true. 
We have 

n? —n=n(n?-—1)=n(n—-1)\(n +1). 
Either n is even or n + 1 is even, so n? 
(b) This statement is false. 


For example, 6+ 4 is a multiple of 5, but 6 and 4 
are not multiples of 5. 


(c) This statement is false. 
For example, if 0 = 7/2, then 
sin 20 = sin 7 = 0, 
but 
2sin 6 = 2sin(w/2) = 2. 
(d) This statement is false. 
For example, f(0) = f(2) =1. 
(e) This statement is true. 


We follow Strategy A2 in Unit Al and show that 
f og is the identity function on R — {0} and that 
go f is the identity function on R — {1}. 


We have 
1 
(fog)(x) =1(1++) _ (ayn _ 


and 
fog:R—{0} — R- {0}. 
Also, 


and 
gof:R—- {1} — R-— {Il}. 


Hence, from Strategy A2, g is the inverse of f. 


— n is even. 
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Solution to Additional Exercise A58 
(a) The converse is as follows. 


If m — n is an even integer, 
then m and n are both even integers. 


(b) The original statement is true. 
Suppose that m and n are both even; then 

m = 2p, n = 2q, where p,q are integers. 
Then 

m—n = 2p — 2q 

= 2(p — q), 

which is even, since p — q is an integer. 
The converse is false. 


For example, 7 — 3 = 4 is even, but 7 and 3 are 
both odd. 


Solution to Additional Exercise A59 
(a) Let P(n) be the statement 


1 1 i _n-1 
io “ina "Gein. m 
P(2) is true, since 
oe a | 
1x2 2 2 
Assume that P(k) is true, that is 
1 1 t k-1 
1x2 2x3 T=- F 
We wish to deduce that P(k + 1) is true: 
1 1 1 1 
Ix? 3s3 "i-k Er 
o k 
k+l 
Now 
1 1 1 1 
Ixa 3x3 "GDh rD 
k-1 1 
=e Reedy (by P(k)) 
— (kK-1)(kK+1)+1 
p k(k +1) 
k? k 


kK(k+1) k+l 
Thus, for k = 2,3,..., 
Pik) => P(k+1). 


Hence, by mathematical induction, P(n) is true for 
M= 2535244: 
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(b) Let P(n) be the statement 
3?” — 1 is divisible by 8. 
P(1) is true, since 
3 —1=9-1=8, 
which is divisible by 8. 
Assume that P(k) is true, that is 
3°% _ 1 is divisible by 8. 
We wish to deduce that P(k + 1) is true: 
3°(k+1) _ 1 is divisible by 8. 
Now 
32(k+1) _ 1 = 3232k _ 4 
=9x 3-1 
= 8 x 3°* + (37* — 1), 
which is also divisible by 8 by P(k). 
Thus, for k = 1,2,..., 
P(k) = P(k+1). 


Hence, by mathematical induction, P(n) is true for 
n= ln 


Solution to Additional Exercise A60 
(a) This statement is false. 

For example, —4 < 3, but (—4)? £ 3?. 

(b) This statement is false. 

For example, if x = 1, then z? — x = 0, not 2. 
(c) This statement is true. 

One value of z satisfying z? — x = 2 is x = 2. 
(d) This statement is false. 


2 


r- r=-1 4 r? 


-r+1=0 
=> (x—4)?+3=0, 
(by completing the square) 


which is not possible for any real x. 
(See Worked Exercise A77 in Unit A4 for a 
reminder of how to complete the square.) 


(e) This statement is false. 


For example, if x = y = 1, then z/y and y/z are 
both the integer 1. 


(f) This statement is true. 
We prove it by mathematical induction. 


Let P(n) be the statement 
1242? 4---4n? = én(n+1)(2Qn+ 1). 


P(1) is true, since 


2x3 


4x1x(1+1)2+)= =1=1?. 


Assume that P(k) is true, that is 
1? +2? +- +k? = Ek(k + 1)(2k +1). 
We wish to deduce that P(k + 1) is true: 
1+2 4---+ (k+1)? 
= 4(k+1)(k + 2)(2k +3). 


Now, 
P+ 2+---+h? + (k +1)? 
ak(k+1)(2k+1)+(k+1)? (by P(k)) 
= $(k + 1)(k(2k + 1) + 6(K + 1)) 
= t(k + 1)(2k? + 7k +6) 
= 4(k + 1)(k + 2)(2k + 3). 
Hence 


P(k) = P(k+1), fork >1. 


Hence, by mathematical induction, P(n) is true for 
m= 122.24 


(g) Let P(n) be the statement 


1 1 
(NOON 
Then P(2) is false, since 

1-54. 
Hence the statement is false. 
(In fact, as you can check, 
P(k) = P(k+1), for k > 2; 


that is, step 2 of a proof by mathematical 
induction works, even though step 1 does not. 


The correct expression for the product is 1/n.) 


Solution to Additional Exercise A61 


Suppose that the given statement is false; that is, 
there are real numbers a and b for which 


(a + b)? < 4ab. 
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Then 

a? + 2ab + b? < 4ab, 
so 

a? — 2ab +b? < 0, 
so 

(a— b)? <0. 


But (a — b)? is a square, so cannot be negative. 
This is a contradiction, so the given statement 
must be true. 


Hence 


(a+b)? > 4ab for all real numbers a and b. 


Solution to Additional Exercise A62 


(a) The contrapositive is as follows. 


If n is not divisible by 3, 
then n? is not divisible by 3. 


(b) Suppose that n is not divisible by 3. Then 
n=3k4+1 or n=3k+2, 
for some integer k. 
If n = 3k +1, then 
n? = 9k? + 6k +1 
= 3k(3k + 2) + 1, 
which is not divisible by 3. 
If n = 3k + 2, then 
n? = 9k? +12k+4 
= 3(3k? + 4k +1) +1, 
which is not divisible by 3. 


Hence the contrapositive is true. 
Hence the original statement is true. 


Solution to Additional Exercise A63 
We show that properties E1, E2 and E3 hold. 


E1 Letn € Z. Then n+n = 2n, which is even 
since n is an integer, son ~ n. Thus ~ is reflexive. 


E2 Let m,n € Z and suppose that m ~ n. Then 
m +n is even, that is, n +m is even. Hence 
n~m. Thus ~ is symmetric. 
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E3 Let 1,m,n € Z and suppose that 1 ~ m and 
m~n. Then l+ m is even and m +n is even. 
Hence 
l+m=27 and m+n= 2k, 
where j,k € Z. Hence 
l=2j-m and n=2k- m, 
so 
l+n=2j-m+2k-m 
=2(j +k- m), 


which is even, since j + k — m is an integer. Hence 
l~ n. Thus ~ is transitive. 


Since ~ is reflexive, symmetric and transitive, it is 
an equivalence relation. 


Solution to Additional Exercise A604 


~ is not reflexive because, for example, 1 ~ 1 since 
2x 1—1=1 is not divisible by 7. 


~ is not symmetric because, for example, 5 ~ 3 
since 2 x 5 — 3 = 7 which is divisible by 7, but 


3 ~ 5 since 2 x 3—5 = 1 which is not divisible by 7. 


~ is not transitive because, for example, 5 ~ 3 and 
3 ~ 6 since 2 x 5—3=7 and 2 x 3 — 6 = 0 which 
are both divisible by 7, but 5 ~ 6 since 

2 x 5—6 = 4 which is not divisible by 7. 


Solution to Additional Exercise A65 
(a) We show that properties E1, E2 and E3 hold. 


E1 For any function f : R —> R, f(0) = f(0), so 

f ~ f and hence the relation is reflexive. 

E2 If f~ gso that f(0) = g(0), then g(0) = f(0), 
so g ~ f and hence the relation is symmetric. 

E3 If f~gandg~hso that f(0) = g(0) and 
g(0) = h(0), then f(0) = h(0), so f ~ h and hence 
the relation is transitive. 

Therefore this is an equivalence relation. 

(b) Each equivalence class consists of all functions 
in A that take a particular value at 0; that is, each 
equivalence class is of the form 


{fe A: f(0) =r}, 
for some r € R. 


A suitable set of representatives is the set of all 
functions of the form 


f(z)=r wherereR. 
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(There are many other possibilities for the set of 
representatives, such as the set of all functions of 
the form 


f(x) =ax+r wherereR, 
or the set of all functions of the form 


f(z) =a7+r wherer ER.) 


Solution to Additional Exercise A66 
We show that properties E1, E2 and E3 hold. 
E1 Let z=x+iyeC. Then 


z—2£=0=5(y—y), 
so z ~ z. Hence the relation is reflexive. 


E2 Let z1 = zı + iyı and zg = £2 + iy2 be 
elements of C. Suppose that z1 ~ z2 so that 
zı — £2 = 5(y1 — yo). Then 


£2 — T1 = — (£1 — T2) 
= —5(y1 — y2) 
= 5(y2 = yı), 


so z2 ~ z1. Hence the relation is symmetric. 
E3 Let z3 = £3 + iy3, and suppose that z1 ~ z2 
and z3 ~ z3 so that 
zı — £2 = Š(y1 — y2) 
and 
T2 — £3 = Š(y2 — ys). 
Then 
Zi = X3 = 4X1 = 22+ T3 = 13 
= 5(y1 — y2) + 5(y2 — ys) 
= 5(y1 — ys), 
so 21 ~ 23. Hence the relation is transitive. 
Therefore this is an equivalence relation. 
Two complex numbers x; + iyı and x2 + iy2 are 
related by this relation if 
zı — 2 = 5(y1 — y2); 
that is, if 
Ly — OY = T2 — Oy. 
Hence the equivalence classes are the lines 


x — 5y = r, for each real number r; that is, the 
lines in the complex plane with gradient L, 
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Solution to Additional Exercise A67 
El Let n € N. Then 


n 
—=1=10°, 
n 

so n~ n. Thus ~ is reflexive. 


E2 Let m,n € N and suppose that m ~ n. Then 


™ = 10" 


for some integer k. Hence 
“=10-*. 
m 
Therefore, since —k is an integer, n ~ m. Thus ~ 
is symmetric. 
E3 Let 1,m,n € N and suppose that l ~ m and 


m~ n. Then 


l : 
—=10' and “ =104 

m n 

for some integers j and k. Hence 


l lm 


= 10/10" = 10°+*. 
n mnn 


Therefore, since 7 + k is an integer, 1 ~ n. Thus ~ 
is transitive. 


Since ~ is reflexive, symmetric and transitive, it is 
an equivalence relation. 


Solution to Additional Exercise A68 


(a) We start by finding a particular equivalence 
class. We have, for example, 


[2] ={nEeN:2~n} 
2 
= fn € N: 4 = 10% for some integer e} 
n 


2 
= fn EN:n= Tor for some integer e} 
= {n €N:n=2-x 10" for some integer k) 


(because as k ranges over all integers, 
so does —k, and 2/107" = 2 x 10*) 


= {2x 10" :ke {Ot 2 aac} 
= {2, 20, 200, 2000,... }. 


By a similar argument, for any natural number m 
we have 


Im] = {m x 10°: ke (Calvan 
= {m, 10m, 100m, 1000m,...}. 
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A set of representatives for the equivalence classes 
of ~ is the set of all natural numbers whose last 
digit is not zero. 


The equivalence classes of ~ are all the sets of the 
form 

[m] = {m, 10m, 100m, 1000m,... }, 
where m is a positive integer whose last digit is not 
Zero. 


(b) In Worked Exercise A75 in Unit A3 it was 
found that 


[3.7] = {k + 3.7: k € Z} 
={k+0.7:k eZ}. 


This set can also be written (less concisely) as 


[3.7] ={...,—-2.3, —1.3, —0.3, 
0-7; L-T, 27, 3ye} 
In general, for any real number x, we have 
le] ={k+2:k eZ} 
={k+p:keZ}, 
where p is the number obtained by subtracting the 
integer part of x from zx; that is, p = x — |x|. This 
set can also be written as 
{...,—3 +p, —2 +p, =| +p, 
p, L+p, 2+p, 3+p, coef 
A set of representatives for the equivalence classes 


of ~ is the interval [0, 1), since every equivalence 
class has exactly one element in this interval. 


The equivalence classes of ~ are all the sets of the 
form {k +p: k € Z}, where p is a number in the 
interval [0, 1). 
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Additional exercises for Unit A4 


Section 1 


Additional Exercise A69 


The graph of y = |z| is shown below. 


? y = |a| 


aY 


Sketch the graphs of the following. 
(a) y=|§| (b) y= 15-2 


(c) y=—|e|—-1 


Section 2 


Additional Exercise A70 


Sketch the graph of f(x) = Erö — r’ 


Additional Exercise A71 


4 
Sketch the graph of f(x) = i L3 
6; — 


Additional Exercise A72 


Sketch the graph of the linear rational function 


4 1 
ie) ==. 


Additional Exercise A73 


2x 


Sketch the graph of f(x) = ase 
r? +r— 


Additional Exercise A74 Challenging 


T 


VTT 


Sketch the graph of f(x) = 


Hint: To simplify after differentiating, multiply the 


numerator and denominator by (x? + 1)!/?. 


Section 3 


Additional Exercise A75 


Sketch the graph of f(x) = yz cos z. 


Additional Exercise A76 Challenging 


Sketch the graph of f(x) = 2cos g — z. 


Hint: In step 3 find an interval in which there is an 


x-intercept, and omit step 4. 


Additional Exercise A77 Challenging 


Sketch the graph of f(x) = ee 
x 


Additional Exercise A78 


Sketch the graph of each of the following hybrid 

functions. 
jz, aes 

a z) = 

(a) f(z) w oa 

2-2, «“<-l 

(b) f(z)=4 2-1, -l<a<l 
log z, >11 


Section 4 


Additional Exercise A79 


Let f(x) = tanh z. 

(a) Show that f is an odd function. 
(b) Show that 

_ti= e 7% 


MO yee 


(c) Show that f'(x) = sech? x, and deduce that 
f'(x) > 0 for all z in R. 


Additional Exercise A80 


Prove that 


tanh z + tanh y 
tanh Se 
ane) 1+ tanh z tanh y 


Additional Exercise A81 


Use the results of Additional Exercise A79 to 
sketch the graph of the function 


f(z) = tanh z. 


Additional Exercise A82 


Sketch the graph of the function f(x) = coth z. 


Section 5 


Additional Exercise A83 
Determine the centre and radius of the circle given 
by the following equation. 
3x7 + 3y? — 12x — 48y = 0 


Additional Exercise A84 
Identify the curves described by the following 
parametric equations. 
(a) gen gH l/c 
(b) e=t-1, y=4-3t. 
(c) 2=25 yol+3e. 


Additional Exercise A85 


Show that the points given by the parametrisation 
F(t) = (pt, qt?) 


all lie on the line through the points (0,0) and 
(p,q), where p # 0. 
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Solution to Additional Exercise A69 


(a) The graph of y = || is obtained from the 
graph of y = |z| by a (2, 1)-scaling. 


y=(5| 


>Í 
(b) Consider y = |z|, then we replace x by z/2 to 


obtain y = |5|. We then replace x by x — 4 to 
obtain the equation 


B g—A4 
w= 
= = — 2). 
2 


So the graph of y = |} — 2| is obtained from the 
graph of y = |z| by a (2,1)-scaling and a 
(4, 0)-translation. 


| A 7 
(c) Consider y = |x|, then we multiply the 
right-hand side by —1 to obtain the equation 
y = —|z|, then we add —1 to the right-hand side to 
obtain y = —|z| — 1. 

So the graph of y = —|2| — 1 is obtained from the 
graph of y = |z| by a (1,—1)-scaling and a 
(0, —1)-translation. 


YA 


Solution to Additional Exercise A70 
fiz) = ir” — z’. 
1. The domain of f is R. 


2. f is odd, since, for all x in R, 
f(-a) = $(-2)? - (-2)° 
°— 28) = f(a). 


It is therefore sufficient to consider the features 
of the graph of f for x > 0, and then to rotate 
the graph we obtain about the origin. 


. f(x) = x? — r? 


= r?(r? = 1), 
so f(x) = 0 when x = 0 and z = +¥5. 
So the x-intercepts are 0 and +v5, and the 
y-intercept is 0. 


. We construct a table of signs for f, for x > 0. 


e f is positive on the interval (v5, 00); 
e f is negative on the interval (0, /5). 


. fi (x) = zt — 32? = x? (a? — 3), so 


f'(c) =0 when «=Oand + v3; 
f(z) >0 when z? > 3; 
f(z) <0 when 2? <3. 
Thus, for x > 0, 
e f is increasing on the interval (V3, 0c); 
e f is decreasing on the interval (0, V3); 
e f has a stationary point at V3. 


By the First Derivative Test, we deduce that, 
for x > 0, 


e there is a local minimum at xz = V3 with 
f (v3) = —$ v3; 

e there is a horizontal point of inflection at 
x= 0. 


. The power of x in the dominant term is odd, 


and the dominant term has a plus sign so 


f(z) œ asx oo. 
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This information enables us to sketch the graph. 


(V3 $3) Y y= dara! 


Xy 


(v3, -v3 


Solution to Additional Exercise A71 


4 3 
fa) =. 


1. The domain of f is R, excluding 7. 


2. f is neither even nor odd, since its domain is 
not symmetric about the origin. 


_ ee: 
3. f(z) =0 when z = —§, 


3 
4 
3 


The y-intercept is f(0) = —=. 


4. We construct a table of signs for f. 


f(x) + 0 =- oe |) + 
Thus 
e f is positive on the intervals (—00, —ł) and 
(7, 00); 


e f is negative on the interval (—ł3,7). 
5. Using the quotient rule, 
1, (w©—7)4— (4x + 3) 
f (x) a (x — 7)2 
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r 
so f'(x) < 0 for all x in the domain. 


Thus f is decreasing on each interval of its 
domain. 


6. The denominator is 0 when x = 7, so the line 
x = 7 is a vertical asymptote. 


Also, from step 4, 
f(x) 4 -œ ast> T, 
f(z) 3 œ asgz>T. 


Solutions to additional exercises for Unit A4 


The dominant term of the numerator is 4x and 
the dominant term of the denominator is x, so 
we consider the simpler function 


o Ax 


g(x) a= 4. 


Therefore the line y = 4 is a horizontal 
asymptote. 


This information enables us to sketch the graph. 


Yt — 4x43 
ee 


so the x-intercept is — 3. 


Solution to Additional Exercise A72 


— 4e+1 
34-5) 


(x) 


1. The domain of f is R — {3}. 


2. f is neither even nor odd, since its domain is 


not symmetric about the origin. 


. We have f(x) = 0 when x = —4, so the 


x-intercept is —t. The y-intercept is f(0) = —. 


. We construct a table of signs for f. 


fe) | + fol- [f + 

Thus 

e f is positive on the intervals (—co,—) and 
(3,00); 


e f is negative on the interval (—4, 3). 


. Using the quotient rule, 


(3x — 5)4 — (4z + 1)3 
(3x — 5)? 
—23 
(3x — 5)?’ 
so f'(x) < 0 for all x in the domain; that is, f is 
decreasing on each interval of its domain. 


f(x) = 
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6. The denominator is 0 when x = 3, so the line 


r= 3 is a vertical asymptote. 


Also, by step 4, 
ge 
f(z)>-œ Bess , 


5+ 
f(z)> œ wero. 


The dominant term of the numerator is 4x and 
the dominant term of the denominator is 3z, so 


we consider the simpler function 
4r 4 
v)=—=s. 
Therefore the line y = 4 is a horizontal 
asymptote. 


This information enables us to sketch the graph. 


Yt _ 4¢4+1 
Y= 3z—5 
T 


Solution to Additional Exercise A73 


2x 
T= aa 
1. We factorise f(x) as follows: 
2x 
f@) = cee 


Thus the domain of f is R — {1, —2}. 


2. f is neither even nor odd, since its domain is 
not symmetric about the origin. 


3. f(x) =0 when x = 0, so 0 is both the 
x-intercept and the y-intercept. 


4. We construct a table of signs for f. 


Solutions to additional exercises for Unit A4 


Thus 

e f is positive on the intervals (—2,0) and 
(1, 00); 

e f is negative on the intervals (—oo, —2) and 
(0,1). 


. Using the quotient rule, 


(a? +x — 2)2 — 2n(2x + 1) 


fa) = (x? + x — 2)? 


so f'(x) < 0 for all x in the domain. 


Thus f is decreasing on each interval of its 
domain. 


. The denominator is 0 when x = 1 and z = —2, 
so the lines z = —2 and x = 1 are vertical 
asymptotes. 


Also, from step 4, 

f(z) -œ asx -2°, 

f(z) 9 00 asx 2", 

f(z) -œ asxol, 

f(z) œ asx lt. 
The dominant term of the numerator is 2x 
which has a lower power of x than the dominant 


term of the denominator which is x”, so the line 
y = 0 is a horizontal asymptote. 


This information enables us to sketch the graph. 


Yr 
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Solution to Additional Exercise A74 
z 
r) = —_ 
NES aa 
1. The domain of f is R, since z? +1 > 0 for all x 
in R. 


2. f is odd, since for all x in R, 


“ae 


It is therefore sufficient to consider the features 
of the graph of f for x > 0, and then to rotate 
the graph we obtain about the origin. 


3. The solution of f(x) = 0, is x = 0, so the 
x-intercept and the y-intercept are both 0. 
4. Since f(x) has the same sign as x, f is positive 
on the interval (0,00). 
5. Using the quotient rule, 
Va=+1—2($(2? + 1)7 122x) 
x? +1 
_ r? +1—2? 
E (a? + 1)3/2 
= il 
E (a? + 1)3/2° 
So f'(x) > 0 for all x in R; that is, f is 
increasing on R. 
(In addition, f’(0) = 1, so the graph has 
gradient 1 at the origin — this is not part of the 
strategy, but is helpful here.) 


f(a) = 


6. As x becomes large and positive the function 
behaves in a similar way to the simpler function 
g(x) = x/x =1. Therefore the line y = 1 is a 
horizontal asymptote and 


f(z) 341 asx oo. 


Since f is odd, the line y = —1 is alsoa 
horizontal asymptote and 


f(x) 3-1 asx — —oo. 


This information enables us to sketch the graph. 


YA 
1 y=l1 
_ x 
4 x2? +1 
T 


Solutions to additional exercises for Unit A4 


Solution to Additional Exercise A75 
f(x) = yz cos z. 


1. 
2. 


The function f has domain [0, co). 


f is neither even nor odd, since its domain is 
not symmetrical about the origin. 


. We have f(x) = 0 when x = 0 and when 


cos x = 0. 
So the z-intercepts are 0,7/2,37/2,.... 
The y-intercept is 0 since f(0) = 0. 


. The intervals on which f is positive or negative 


(for x > 0) alternate between the x-intercepts in 
the same way as for the cosine function. 
For x > 0, 
e f is positive on 
(0, 7/2), (8/2, 57/2), (71/2, 97/2),..., 
e f is negative on (1/2, 37/2), (57/2, 77/2),.... 


. We omit this step as it is unlikely that f'(x) = 0 


will be easy to solve. 


6. The function has no asymptotes. 


7. Since —1 < cosx < 1 for all real numbers x, we 


have 


—y/z < yx cosx < yr forx>O. 
That is, 


-yx < f(x) < Vx forx>0, 


so, the graph of f lies between the graphs 
y = yz and y = —y7z. These graphs are the 
construction lines for this function. 


The function f has the following features: 
f(x) = Vz when cosg = 1; 
f(x) = -vyz when cosz = —1. 

The graph of f 


e meets the construction line y = yx when 
x =0,27,47,...; 

e meets the construction line y = —\/x when 
=R 
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This information enables us to sketch the graph. 


Solution to Additional Exercise A76 
f(x) = 2cos zx -— z. 

1. The domain of f is R. 

2. f is not even, odd or periodic. 


3. Although f(x) = 0 is not easy to solve, we know 
that f(0) = 2, which is positive, and 
f(a/2) = —7/2, which is negative, so there is an 
x-intercept in the interval (0, 7/2). 
The y-intercept is 2. 

4. We omit this step. 


5. f'(x) = —2sinz — 1, so f'(x) = 0 when 
sin z = — 4; that is, when z = —7/6 + 2kr or 
x = —5r/6 + 2kr, for any integer k. These are 
stationary points. 


At these points, we know that f’ either changes 
from positive to negative, or negative to 
positive, so by the First Derivative Test, we 
deduce that these stationary points alternate 
between maxima and minima. 


6. The function has no asymptotes. 


7. Since 
—2<2cosx <2, forall xin R, 
then, for all x in R 
—2 — x < 2cosg — x < 2- r. 


Therefore the graph of f lies between the 


construction lines y = —2 — x and y = 2 — x. 
We have 

f(x) =2-— zxz when cosg = 1 

f(x) =—2-— zx when cosx = —1 

f(x) = —x when cosg = 0. 


Solutions to additional exercises for Unit A4 


So, the graph of f 


e meets the construction line y = 2 — x when 


x = 2kr; 

e meets the construction line y = —2 — x when 
x = (2k + 1)a; 

e meets the line y = —x when x = (k + $); 


for any integer k. 


This information enables us to sketch the graph. 


=o yi 
y=2-r 
*% 
s 
= -T 
Y CO y = 2 cosx — g 
S ks 
y =-—2-r NK ES 


Solution to Additional Exercise A77 


f(z) = COS £ 


x 
1. The domain of f is R, excluding 0. 


2. f is odd, since, for all x in the domain, 


__ cos(—2) 
f(-a) = g 
_ cosg _ cosg _ f(a). 
=r z£ 


We consider the features of the graph of f for 
x > 0, and then rotate the graph we obtain 
about the origin. 


3. f(x) = 0 whenever cos x = 0; that is, f(x) = 0 
when z = (k + 3)™, for any integer k. 


f (0) is not defined, so there is no y-intercept. 


5. The equation f'(x) = 0 is not easy to solve, so 
we omit this step. 


6. The denominator is 0 when x = 0, so the line 
x = 0 is a vertical asymptote, and 


f(z) +00 asx o0", 


7. We know that —1 < cosg < 1 for all z in R. 
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Solutions to additional exercises for Unit A4 


For xz > 0. we have 1 > 0. so so tanh is an odd function. 
, T , e? — e`? 
1 ss l (b) To= them eT 
t E g 


Dividing both numerator and denominator by e” 
So the graph of f lies between the construction (non-zero for all x in R), we obtain 
lines y = —1/x and y = 1/2, and meets these 


h 1— e7? 

when cosz = +1. = ———. 

So, for x > 0, the graph of f sinh x 

e meets the construction line y = 1/x when (c) f(x) = tanh x = cosia 
x = 2kr; Differentiating the quotient, we obtain 

e meets the construction line y = —1/x when E e 
x = (2k + 1); Fao s A N 


f e k cosh? x 
or any positive integer k. 

Ea . cosh? x — sinh? x 
This information enables us to sketch the graph. = — oha 


(cos x) 


= z = sech? x. 
cosh* x 


Since sech? x is positive for all x in R, it follows 


that 
a i = f'(<x)>0, forall zin R. 
: 7 
Solution to Additional Exercise A80 
sinh(x + y) 
tanh = —— 
abeg cosh(a + y) 
_ sinhgcoshy + cosh z sinh y 
Solution to Additional Exercise A78 ~ cosh g cosh y + sinh z sinh y` 
Each of these functions has domain R. Dividing both numerator and denominator by 
(a) yA (b) yA cosh x cosh y, we obtain 
y= f(a) ` y= f(x) sinh x + sinh y 
34 _ coshz coshy 
tanh(z + y) = sinh x sinh y 
cosh z cosh y 
J _ tanhz +tanhy 
1 z Ee; , « ~ 1+ tanh tanh y’ 
=l- š ate è 
DS -1 Solution to Additional Exercise A81 
sinh x 
r ag x) = tanh z = . 
Solution to Additional Exercise A79 f(a) cosh z 
1. tanh x has domain R, since cosh x never takes 
(a) f(-2) = tanh(—2) the value 0. 
sinh(—2) 
= cosh(—a) 2. tanhz is odd, by Exercise A79(a). It is 
eT? — et therefore sufficient to consider the features of 
= pe Jet the graph of f for x > 0, and then to rotate the 
__ [2e graph we obtain through m about the origin. 
= — tanh z = — f (x), 
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3. We know that cosh x > 1 for all x in R, so the 
x-intercepts of tanh x are the same as those of 
sinh z, namely 0. 


So 0 is both the x-intercept and the y-intercept. 


4. We know that on the interval (0,00), tanh x is 
positive because sinh x is positive. 


5. We know, from Exercise A79(c), that f'(x) > 0 
for all x in R, so there are no stationary points. 
(Since f’(0) = sech?(0) = 1, the graph of tanh x 
has gradient 1 at the origin.) 

6. Since cosh x > 1, the denominator is never zero, 
so there are no vertical asymptotes. 

Since e~* — 0 as x — ov, we know e-** > 0 as 
x — œ. We know from Exercise A79(b) that 
1— e7? 

1+ e722’ 

so as x becomes large and positive the function 

behaves in a similar way to the simpler function 

g(x) = 1/1 = 1. Therefore the line y = 1 is a 

horizontal asymptote and 


tanh z = 


tanhz >1 asz — o. 


Since the function is odd, the line y = —1 is also 
a horizontal asymptote and 


tanhz > —1 asz — —oo. 


This information enables us to sketch the graph. 


Yt y= tanhgz 
1 


&v 


—1 


Solution to Additional Exercise A82 
f(x) = coth z = 1/ tanh z. 
We use the graph of tanh z. 


Yt y= tanhgz 
1 


&v 


—1 


1. tanh xz = 0 when z = 0, so the domain of coth x 
is R excluding 0. 


Solutions to additional exercises for Unit A4 


2. tanh z is odd, so coth x is odd. 


We consider the features of the graph of f for 
x > 0, and then rotate the graph we obtain 
about the origin. 


3. coth x has neither zx- nor y-intercepts. 


4. We know that tanh gz > 0 when x > 0, so 
coth z > 0 when x > 0. 


5. tanh z is increasing on R, so coth z is decreasing 
for x > 0, and so has no local maxima or 
minima. 

6. tanhz > 1 as x > o, so 


cothz => 1 asz — oo. 


tanh z is small when z is close to 0, so the line 
x = 0 is a vertical asymptote. Also, 


cothz > œ asz— 0. 
This information enables us to sketch the graph. 


YA 


Ry 


Solution to Additional Exercise A83 


Here the coefficients of z? and y? are both 3, so we 
divide the equation by 3 to obtain 


a? +y? — 4r — 16y = 0. 
Completing the square gives 


(a — 2)? — 4+ (y—8)? — 64 = 


0, 
or 
(x — 2)? + (y — 8} = 68. 


So the circle has centre (2,8) and radius 


v68 = 2/17. 
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Solution to Additional Exercise A84 


(a) y = 1/x. Hence the curve is the graph of the 
reciprocal function. 

(b) ¢=2+1, s0y=4-3(¢4+1) =1-3z. 
Hence the curve is a straight line with gradient —3 
and y-intercept 1. 


x rN 2 3a? 
(c) z’ 50 Y + 5 + 7 
Hence the curve is a parabola, symmetric about 


the y-axis, with vertex at (0,1). 


Solution to Additional Exercise A85 


Eliminating t, we obtain 


x 
t 7 
sO 
y = qt? = 42, 
p 


which is the equation of the line through the points 
(0,0) and (p,q). 


Solutions to additional exercises for Unit A4 
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